Abstract: In this paper we present the mass matrices and mass eigenstates for the CPeven neutral scalars in the minimal 331 model (m331) and its self-interactions, showing that the m331 automatically reproduces the Higgs potential of the Standard Model. We also present a method to generate numerical solutions for the quarks and leptons masses and their mixings, which we apply to study FCNC processes, being to calculate the contributions of all exotic neutral particles of the m331 to the mass differences in meson oscillations.
Introduction
In 2012 the Higgs boson was discovered at the Large Hadron Collider (LHC) on CERN [1] , with its measured properties consistent with those of the Standard Model (SM) Higgs boson. Although a ten percent deviation in its couplings with the fermions is still possible, we can still count on the possibility of the existence of additional scalar particles extending the scalar sector. Then, one question we can make is how many doublet fields are there in the Higgs sector?
We can consider, as examples of physics beyond the Standard Model, dark matter and/or the neutrino mass generation, and in many cases the extensions of the SM to explain these and other problems are made via new scalars. Therefore, after the SM-like Higgs boson discovery, the next challenge will be to measure its mass and couplings to all known particles, including its couplings to SM fermions and SM gauge bosons, as well as the Higgs-particle self-couplings themselves. With these parameters measured it will be possible to distinguish if this is the H SM or something else. In this context the measurement of the Higgs boson self-couplings will be very relevant to establish the Higgs mechanism experimentally. It is well know that at the tree level, the self-couplings are uniquely determined by the Higgs boson mass M H SM and the vacuum expectation value of the Higgs boson field v SM , or equivalently the W boson mass M W and the SU (2) L gauge coupling g, since v = 2M W /g. More specifically, λ HHH = 3 M 2 H SM /v and λ HHHH = 3 M 2 H SM /v 2 . So, if it is possible to adjust one of the scalars in the multi-higgs model to be the SM-higgs it is possible to obtain bonds that restrict the interactions of the extra scalars with the usual particles of the Standard Model, and thus the effect of flavor violation can be a way to detect new physics or to exclude models. In the present work, we will be concerned in making these adjustments to m331.
The minimal 3-3-1 model (m331) presents an extension to the scalar sector, with new charged and neutral scalars [2] . Of those, only the neutral CP-even sector, with three neutral particles, has no analytical solution for its mass eigenstates and eigenvalues. So far, these particles had either been ignored or its mass matrix has been diagonalized by an orthogonal matrix dependent on three free parameters, where the phenomenological analyses had to take into account such unknown parameters. Also, the SM Higgs boson has to correspond to one of these CP-even scalars, usually assumed to be the lightest one of three. In our work we provide and analytical solution for this sector, where we can identify the Higgs boson and have only one unknown parameter that relates the symmetry and mass eigenstates of the other two CP-even scalars, with analytical expressions for all masses. Besides, we also show that the m331 Higgs has the same self-interactions as the SM Higgs, boosting our confidence that the m331 can replicate the SM and extend it. With this solution, the scalar sector of the m331 is now completely solved, with analytical solutions for all masses and eigenstates.
The addition of new particles brought to the SM by the m331 -not just of scalars, but also gauge bosons and fermions -brings into the Lagrangian other unknown parameters, more specifically, the matrices that diagonalize the fermion mass matrices. In the SM such matrices appear only in two instances, as matrix products, in the CKM and PMNS matrices, present in the interactions of quarks and leptons with the W boson, respectively. In the m331, these diagonalization matrices appear in the gauge-fermion interactions and the Yukawa sector as well, in combinations that do not correspond to the CKM and PMNS matrices. Therefore, these matrices have to be known in order to realize complete analyses involving such particles. In this work we also present a numerical method which allow us to find these matrices, in a manner that they generate the correct fermion masses and their products agree with the CKM and PMNS matrices.
With the solution for the CP-even sector and the method to find fermion diagonalization matrices we can now realize complete analyses within the m331. As an example of the use of these solutions we revisit a previous analysis [3] . We calculate the contributions of all exotic neutral particles of the m331 to the mass differences in the meson oscillations K 0 −K 0 , B 0 −B 0 and D 0 −D 0 . This time we are able to make a complete analysis of the problem, taking into account all particles of the model.
The outline of this paper is the following. In Sec.2 we briefly review the Higgs potential in the SM, in 3 we explain the features of the minimal 3-3-1 model, followed by Sec. 4 we find the mass matrices and mass eigenstates for the neutral scalars. In Sec. 5 we show that the m331 automatically reproduces the Higss potential of the SM. In Secs. 6 and 7 we generate numerical solutions for the quarks and leptons masses and mixing. Finally in Sec. 8 we calculate the contributions of all exotic neutral particles of the m331 to the mass differences in the meson oscillations, followed by the conclusions.
The Higgs boson in the Standard Model
Here we briefly review the Higgs potential in the SM, since it is going to be relevant for the next sections, where we compare the CP-even scalar sector of the m331 with the SM scalar sector, in order to find an analytical solution to the former. In the SM, the Higgs doublet potential is given by
where φ = (φ + , φ 0 ) T . The field φ 0 develops a vacuum expectation value (VEV), and can be expressed as φ 0 = (v SM + H + Im(φ 0 ))/ √ 2, where v SM is the VEV, H is the Higgs boson and Im(φ 0 ) is the neutral Goldstone boson. Taking into account this expression, the potential then becomes
where we used µ 2 = −λ 2 v 2 SM /2 and λ = m H /v SM . These identities come from the minimum condition of the potential vacuum and the resulting mass eigenstates. In the sections below we will show how the m331 relates to the potential described above.
The minimal 3-3-1 model
Models with gauge symmetry SU (3) C ⊗ SU (3) L ⊗ U (1) X present new possibilities for the electroweak interactions. Here we consider the minimal 3-3-1 model (m331) in which there are new exotic quarks. Moreover, to give mass to all the particles, more scalar fields are needed. Hence, these models are intrinsically multi-Higgs models. In this model the electric charge operator is given by Q/|e| = T 3 − √ 3T 8 + X, where e is the e electron charge, T 3,8 = λ 3,8 /2 (being λ 3,8 the Gell-Mann matrices) and X is the hypercharge operator associated to the U (1) X group. In the sections below we will present the particle content of the model, for more details see refs. [2, 4] .
In the m331 the left-handed quark fields are chosen to form two antitriplets
). The right-handed ones are in singlets: u αR ∼ (1, 2/3), d αR ∼ (1, −1/3), α = 1, 2, 3, j mR ∼ (1, −4/3), and J R ∼ (1, 5/3). The scalar sector is composed by three triplets: η = (η 0 , η
. Here we will add to the particle content of the m331 model, three sterile right-handed neutrinos, ν lR ∼ (1, 1, 0) (l = e, µ, τ ). The numbers in parenthesis are related to the transformation properties under SU (3) L and U (1) X , respectively. For more details on interactions in the leptonic sector see Ref. [5] .
The Yukawa interactions between fermions and scalars are given by:
where m = 1, 2; (a, b, α) = 1, 2, 3; and Λ S is a mass scale generated by the effective interactions induced by the heavy scalar. It means that FCNC processes in the lepton and quark sector are predictions of this model. From Eq.(3.1) the quark mass matrices are given by
By choosing v ρ = 54 GeV and v η = 240 GeV the mixing between Z and Z vanishes independently of the value of v χ (see the next section and Ref. [6] for details). Also, these values for the vacuum expectation values guarantee, at tree level, the relation M Z = M W /c W , where c W is the cosine of the Weinberg angle [7] .
The symmetry eigenstates U L,R , D L,R (primed fields) and the mass eigenstates
. From those and Eq. 3.1 we also have
L . Finally, the most general potential, invariant under CP transformations, for the scalars -4 -is:
where we have used φ 1 = χ, φ 2 = η and φ 3 = ρ, except in the trilinear term. For more details of the scalar potential see Sec. 4.
The scalar sector
Taking the derivatives of Eq. (3.4) with respect to the vacua and setting these to zero we are able to find expressions for µ 2 χ , µ 2 η and µ 2 ρ . Using this we can find the mass matrices and mass eigenstates for all scalars. However, since in this work we are concerned solely with the CP-even neutral scalars, we will present the results only for this sector. The analytical results for the rest of the scalar sector can be found in [8] .
CP-even neutral scalars
The mass matrix for the CP-even scalars is given by
At the same time, we have the up quarks mass matrix (see Eq. 3.1), coming from
, H is the SM higgs boson, and λ η 0 and λ ρ 0 are the projections of X 0 η and X 0 ρ onto H. If we want, at tree level, that the higgs couplings to the quarks in the m331 are the same as in the SM we need
Given that the matrices G and F are linearly independent (see Eqs. 3.1, 6.6 and 6.7),
we have that
ρ (this identity for v SM can be seen from the expressions for the Z and W boson masses in the m331). This same line of reasoning can be applied to the Yukawa lagrangians for the down quarks and charged leptons, yielding the same results.
Only the ρ 0 and η 0 fields give mass to the known particles, therefore the SM higgs must be a linear combination of only these two fields, and since we know the projections we find that
The CP-even mass matrix is symmetric and real, therefore it is diagonalized by orthogonal matrices as follows
where c i and s i are the cosines and sines, respectively, of the angles θ i . To obtain H = λ η 0 η 0 + λ ρ 0 ρ 0 we need that
The above identities leads us to
Now, we need the identity
), which can be obtained if we set
where t 3 and ct 3 stands for tangent and cotangent of θ 3 , respectively. The above identities gives us the following expressions for the CP-even scalars masses:
(4.19) Even though we have values for v ρ , v η and m H , we are not able to fix the other parameters in Eq. 4.17. Therefore, the values for the other scalar masses are still undefined, since they depend on these parameters.
The Higgs potential in the m331
Taking the expressions for µ i , v SM , a i , m H and the projections of the X 0 η and X 0 ρ fields from the previous section, and substituting those in Eq. 3.4, we obtain
Now, if we look at Eq. 2.2, term by term, the coefficients of the Higgs potential are
Comparing the above equations with Eqs. 5.1 and 4.17, and remembering that v SM = v 2 η + v 2 ρ , we see that the coefficients for each Higgs term match. Therefore, the m331 automatically reproduces the Higss potential of the SM if we impose that, at tree level, the Yukawa couplings for the Higgs boson in the m331 are the same as the ones in the SM.
Generation of numerical solutions for the quark mass matrices and diagonalizations
The new interactions in the m331, brought by its new particles, allow the diagonalization matrices of the fermionic sector to be present in the Lagrangian, in forms that are distinct from the CKM and PMNS matrices of the SM. Therefore, such diagonalization matrices have to be known so we can realize complete analyses within the m331. For the quark sector, the equations we have to solve, simultaneously, are the quarks mass matrices with their diagonalizations and the equation for the CKM matrix, as described below:
where
Our first step is to randomly generate unitary matrices for V U L , V U R and V D R . To do so we use the following definition for a 3 × 3 unitary matrix [9] 
where,
Where we pick random values for the phases φ and the angles θ from 0 up to 2π. With that we have V U L , V U R and V D R numerically fixed, then we can now find 14) and with that we now have all the diagonalization matrices. With those in hand we find, using Eqs. 6.1 and 6.2, the mass matrices to be
Finally, given that we have numerical solutions for M u and M d , and we are working with v η = 240 GeV and v ρ = 54 GeV, we use Eqs. 6.4 and 6.5 to find the matrices G, F ,G and F by direct inspection. It can be easily done because G and F are linearly independent, with the same happening for the matricesG andF .
To summarize the process:
• Generate randomly the matrices V U L , V U R and V D R using Eq. 6.8,
• Find G, F ,G andF by direct inspection using Eqs. 6.4 and 6.5.
Repeating the procedure described here we are able to generate as many numerical solutions as necessary.
Generation of numerical solutions for the lepton mass matrices and diagonalizations
The situation for the leptons is similar to the quark case. Here the equations to be simultaneously solved are
Notice that in Eq. 7.2 both diagonalization matrices are left, while in Eq. 7.1 we have two different matrices, left and right. In Eq. 7.4 we assume an effective operator for the lepton masses dependent on a parameter Λ S ∼ v χ , which leads us to the right side of same equation.
For the leptons, the matrices V l L,R and V ν L are unitary. Also, G η is an antisymmetric matrix, G S a symmetric one and G ν is an arbitrary complex matrix. To find a numerical solution for those, we first generate randomly the matrices V ν L and V l R using the definition from Eq. 6.8, picking random numbers between 0 and 2π for the phases and angles. Then, from eq. 7.3, we find
We also have that G η is antisymmetric and G S is symmetric and M l is given by a linear combination of those (see Eq. 7.4), therefore we can obtain them by decomposing M l in its symmetric and antisymmetric components:
Which gives us a complete solution for the charged leptons mass matrices and diagonalizations.
For the neutrinos we randomly generate theM matrix, withr 1 andr 2 real and in the [0, 1] interval. Then we numerically find the solution for theḠ ν matrix using Eq. 7.5, giving us solutions to the entire leptonic sector, where M R remains a free parameter to be adjusted. Given the results presented in the previous sections, we now apply them to calculate the mass differences of the
This subject has already been explored in a previous work [3] , however, at the time the solution for the CP-even scalar sector was unavailable. This made the previous work partially complete, because not all contributions from the model were studied. Now that we have such solution, and that we may generate as many diagonalization matrices as needed (unlike the previous work), we can make a complete analysis of these mass differences in the minimal 3-3-1 model.
Theoretical calculations for
The FCNC processes that we will consider here are induced by the Z , neutral scalars (h 1 and h 2 ) and pseudoscalars (A 0 ) present in the m331. The neutral currents mediated by the Z have the following interactions to quarks:
where we have defined
and
where h(x) ≡ (1 − 4x) 1/2 , x = sin 2 θ W . See Ref. [10] .
Note that, since Y U,D R is proportional to the identity matrix, there are no FCNCs in the right-handed currents coupled to the Z .
The neutral currents mediated by scalars and pseudoscalars are obtained from the Yukawa interactions in Eq.(3.1), and are as follows:
R . These interactions in matrix form are (in the quark mass eigenstates basis): As it is already well known, the ∆M K mass difference in the SM is given by ∆M SM
V −A |K 0 where, using only the c-quark contribution, we have
where we have neglected QCD corrections, and used the vacuum insertion approximation with f K = 0.1598 GeV [11] . For the other experimental values we used [12] . Now considering the contribution of the extra neutral vector boson. From Eq. (8.1), the effective Z interaction Hamiltonian inducing the K 0 →K 0 transition, at the tree level, is given by
which gives us the following extra contribution:
The CP-even scalar contributions come from Eq. (8.5), and we considered the interactions between the d and s quarks mediated by Rex 0 i , giving
where, (I i K ) q 1 q 2 = (K D ) q 1 q 2 R xi -being R xi the matrix that relates the CP-even scalar symmetry and mass eigenstates (see Eq. 4.13) -with x = η, ρ and q 1 , q 2 = d, s for the CP-even scalars and quarks, respectively; i runs over the CP-even neutral scalar mass eigenstates. We also define (I 
where V xi relates the CP-odd scalar symmetry and mass eigenstates (see Eq. A.1).
The effective Hamiltonian induced by Eq. (8.11) and the respective contribution of the pseudoscalar Imx 0 1 to the K 0 ↔K 0 transition is:
Defining as usual 13) and using the matrix elements [11] :
we find
We have similar expressions for the pseudoscalar contributions by making
and m i → m Ai . Thus, the ∆M K in the present model includes Z and neutral scalar and pseudoscalar contributions,
Therefore, to satisfy the experimental results we need that ζ 331 ds + ζ SM ds = ∆M exp K . We need a similar result for the other mass differences (which we will discuss next), where the sum of the respective contributions from the m331 and the SM gives us the experimental results.
∆M B
Considering the oscillation B 0 s −B 0 s mass difference we have ∆M SM B = (1.20±0.18)×10 −11 GeV , where it was used f B = 0.216 ± 0.015 GeV [13] . Similar to the previous case, to obtain the m331 contributions for this process we have to change the d and s quarks to s and b, respectively, in the expressions for ζ Z ds , ζ h1 ds , ζ h2 ds and ζ A ds .
∆M D
Considering the oscillation
with f D = 0.165 GeV, B D = B D = 1, and ζ i = V * ic V iu . [14] . Similar to the ∆M K case, to obtain the m331 contributions for this process we have to change the d and s quarks to c and u, respectively, in the expressions for ζ Z ds , ζ h1 ds , ζ h2 ds and ζ A ds .
Individual contributions from the exotic particles
In this section we shall study the individual contributions from each exotic particle to the mesons' mass differences. When taking into account all contributions we are left with several parameters to explore. First, when considering the quark sector we are left with three of the diagonalization matrices free, given that the quark mass matrices and one of the diagonalization matrices can be written as functions of the CKM matrix and the three free diagonalization matrices (see section 6). This leaves us with 27 free parameters, six phases and three angles coming from each of the three diagonalization matrices. Second, we have θ 3 , the angle that relates the symmetry and mass eigenstates for the CP-even scalars (section 4), and the vacuum expectation value v χ , which dictates the mass of the Z prime boson and the diagonalization matrix of the CP-odd sector; giving us two more free parameters. Finally, the masses of the scalar particles (two CP-even and one CP-odd), giving us another three parameters, leading to a total of 32 free parameters to explore. By varying v χ , which controls the Z mass and the CP-odd projections of the symmetry eigenstates over mass eigenstates, varying θ 3 , which controls the projections of the CPeven scalars, and by considering different solutions for the quark diagonalization matrices (shown in appendix B), we see the behavior of the ζ a bc functions presented in the previous section.
Z gauge boson
The Z contribution to the mass differences is mostly dependent on its mass, with a smaller dependence on the Yukawa constants and quark diagonalization matrices. It can be seen in Figs. 1-3 that the larger the v χ the smaller this boson contribution. This is because m Z is directly connect to v χ , the higher this vacuum expectation value, the higher the Z mass, and then, the smaller its contribution.
However, the Yukawa couplings and diagonalization matrices still play an important role. In most graphs in Figs. 1-3 the Z contribution is above the experimental value for all v χ values, with the exceptions of Fig. 1 I; Figs. 2 IV and V; and Figs. 3 I, IV and V. This is solely due to the Yukawa couplings and diagonalization matrices, which may increase or decrease this boson contribution depending on its values and signs.
h 1 and h 2 scalars
These neutral CP-even scalars (Figs. 4-9) have a similar behavior when we consider its masses, the higher the mass the lower its contribution (in magnitude). Whether a contribution is going to be positive or negative depends on the values and signs of the Yukawa couplings and diagonalization matrices, and it varies from solution to solution.
The masses of these scalars depend on all three vacuum expectation values (v η , v ρ and v χ ), but also depend on several unknown constants of the scalar potential, therefore leaving its masses completely free. That is why we chose to plot our graphs as a function of θ 3 , that controls the projection of the symmetry eigenstates over the mass eigenstates (see appendix 4). From the plots we can see that the h 1 contributions are maximal for θ 3 = 0, π, 2π, when cosθ 3 = ±1; and the h 2 contributions are maximal for θ 3 = π/2, 3π/2, when sinθ 3 = ±1. This is obvious from Eq. 4.13, where we can see that the projections of the X 0 η and X 0 ρ symmetry eigenstates over h 1 are proportional to cosθ 3 and their projections over h 2 are proportional to sinθ 3 .
A 0 scalar
The contribution from this CP-odd scalar are shown in Figs. 10-12. Similar to the previous case, the A 0 mass also depends on a constant from the scalar potential, which allows us to consider its mass to be a free parameter. However, the projections of X 0 η and X 0 ρ over A 0 depend on v χ (see Eq. A.1), therefore we chose to plot varying this parameter. Notwithstanding, given that we are exploring values of v χ much higher than the values of the other vacuum expectation values, the variation of the A 0 contribution with respect to this parameter is negligible. Similar to the previous cases, higher masses imply lower contribution to the mass differences, but only in magnitude. Whether this contribution is going to be positive or negative once again depends on the values and signs of the Yukawa couplings and diagonalization matrices. With our numerical solutions we find that all contributions are negative, except for the ones in Figs. 12 IV and V. To find accordance between theoretical predictions and experimental results for the mass differences we have to satisfy, simultaneously, the following equations
where ∆M 331 X is given in sec. 8. 
We must note that even the SM is not capable of explaining these mass differences. If it were able to do so, the differences in Eq. 8.19 should be null within the uncertainties, noting that the K 0 −K 0 has the largest discrepancy. The ζ 331 ij functions -that contribute to the ∆M 331 X -depend on 32 parameters, as discussed on sec. 8.3, which we have to explore. Of those, the 27 phases and angles from the diagonalization matrices are restricted to [0, 2π], and so is θ 3 . Meanwhile, the vacuum expectation value v χ and the scalar masses are free.
To search for numerical solutions we did the following: fixed the scalar masses (values shown in Table 1 ), generated random solutions for the diagonalization matrices (following the procedure described in appendix 6) and plotted a graph varying θ 3 from 0 to 2π and v χ from 1 TeV to 100 TeV, which should show only the values for v χ and θ 3 where all equations in Eq. 8.19 were satisfied simultaneously within three standard deviations (3σ).
For each set of values presented in Table 1 we generated one thousand different numerical solutions for the diagonalization matrices, plotting in Mathematica 10 using the command RegionPlot with the setting PlotPoints→200. Our program checked each graph for plotted points, not finding anything in all our attempts (corresponding to 14000 attempts in total, 1000 for each set of masses). Therefore, we are led to believe that when all contributions are taken into account simultaneously, there are no solutions for Eq. 8.19 in the 1 TeV< v χ < 100 TeV range. If there are solutions in this range, they must be in very small regions of the θ 3 × v χ parameter space, or they are possible only for other sets of values for the scalar masses. 250  500  750  750  500  250  500  750  250  800  900  700  1000  1000  1000  2500  4000  5000  3000  3000  3000  12000  20000  15000  25000  40000  55000  30000  30000  30000  40000  20000  15000  50000  90000  70000  70000 60000 50000 125000 140000 155000 Table 1 . Set of scalar masses values explored. Each row corresponds to a set of values used to search for solutions of Eq. 8.19.
Conclusions
In this work we are able to show analytical solutions for the mass eigenstates of the CPeven neutral sector and it's masses of the m331 scalar potential. So, we now have the scalar sector of the model completely solved. This was done by imposing that the Higgs-fermion interactions in the m331 are the same as the ones in the SM at tree level. With that we have also shown that the Higgs self-interactions in the m331 are the same as the SM, reinforcing the idea that the m331 can properly reproduce and extend the SM. We also presented a method to find numerical solutions for the fermion mass and diagonalization matrices, something never shown before in the literature, now allowing us to make complete analyses using the m331 without leaving these parameters free.
Finally, we were able to show analytical solutions for all m331 contributions to the mass differences in the K 0 −K 0 , B 0 s −B 0 s and D 0 −D 0 systems, at tree level. As for numerical solutions for the mass differences, we are led to believe that the m331 is unable to provide those in the parameter range explored, or if there is a solution, it is in a very small region of the parameter space. Therefore, the possibility of a solution at higher values of v χ remains. We must remark that the SM is also unable to explain these mass differences (see Eq. 8.19), which suggests the existence of new physical effects in action.
Previous works have presented solutions for the K 0 −K 0 , B 0 s −B 0 s and D 0 −D 0 systems [5, 15] . However, these works have not considered all contributions that the m331 has at tree level, the first considered the Z boson and the A 0 CP-odd scalar (studied individually), while the second considered only the Z boson. When considering only a single contribution the analysis becomes simpler, and we even found solutions when considering only the Z boson (Figs. 1-3) . However, when considering all contributions -Z , A 0 , h 0 1 and h 0 2 -and imposing that the sum of these contributions at a given set of parameter values must satisfy all three mass differences simultaneously, the problem becomes much harder. Therefore, the analysis we did is more difficult than the ones we mentioned, it is more complete and provides a harsher test for the model studied.
A Neutral CP-odd scalars
The relation between the mass and symmetry eigenstates of the CP-odd scalars is given by
where G 0 1 and 0 2 are the Goldstone bosons that give mass to the Z and Z gauge bosons and A 0 is a massive eigenstate. The masses of these scalars are
(A.3)
B Numerical solutions used for the quark mass matrices
In this appendix we present the numerical solutions used for the diagonalization and mass matrices throughout our work. They have been found using the procedure described in appendix 6 and follow the same notation. 
